Paper

Growth Characteristics of a- Cherenkov Laser Filled with Inhomogeneous

and Lossy Background Plasma

Non-member Tipyada Thumvongskul

Member

Toshiyuki Shiozawa

(Osaka University)
(Osaka University)

With the aid of the multilayer approximation method, growth characteristics of a Cherenkov free-electron
laser filled with background plasma with a transversely inhomogeneous density profile are discussed. The
accuracy of numerical results is confirmed by comparison with the available analytical solution. From the
numerical results, including the effect of electron-ion collisions, we find a great enhancement in the growth
characteristics by a proper choice of various parameters, as compared with the corresponding vacuum device.
In addition, we can identify the main parameter of the inhomogeneous background plasma which affects
growth characteristics of a plasma-filled Cherenkov laser.
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1. Introduction

Relativistic electron beam devices utilizing the in-
duced Cherenkov effect are a potential and novel class
of coherent high-power and tunable sources at short
millimeter and submillimeter wavelengths ®~®. They
have a promising future in various applications, such as
space-communications, high-resolution radars, remote
sensing, and so forth®. In recent years, it has been
reported that efficiencies of the vacuum Cherenkov de-
vices can be greatly enhanced by the injection of a
dense background plasma (™~¢" By the plasma injec-
tion scheme, the beam-wave coupling responsible for
the Cherenkov interaction is modified in a construc-
tive manner, leading to a significantly improved spatial
growth rate and output power. Additionally, several
beneficial features of the background plasma also help
relax the requirements on beam focusing and ease the
operations of devices. For these reasons, the plasma-
filled electron devices have become a new research area
of tremendous interest.

Nevertheless, in many theoretical works, the back-
ground plasma was assumed homogeneous for simplic-
ity of the analysis ® @Y. Meanwhile, in actual experi-
mental situations, there exists some inhomogeneity in
the plasma density owing to diffusion and/or recombi-
nation of charged particles. In typical cases, we find
the background plasma having a transversely inhomo-
geneous density with a bell-shaped or parabolic profile
(see Fig. 1)® @2 In this work, we investigate the ef-
fect of plasma inhomogeneity on the growth character-
istics of a two-dimensional (2-D) model of a plasma-
filled Cherenkov free-electron laser (CFEL). The anal-
ysis is carried out on the basis of the multilayer ap-
proximation method ®#. In section 2, we start with a
general description of the method. Then, in order to
confirm the accuracy of our numerical results, they will
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be compared with the analytical solution available for
a parabolic plasma density profile ™®. In addition, we
take into account the effect of electron-ion collisions in
plasma, which becomes significant at millimeter wave-
lengths where the background plasma with densities of
10'? ~ 10%5cm~2 is required V. In section 3, we discuss
the dispersion and growth characteristics based upon
numerical results. From the above results, we can iden-
tify the main parameter of the inhomogeneous back-
ground plasma which affects the growth characteristics
of the CFEL in the context of the spatial growth rates.
A brief conclusion is stated in section 4.

2. Multilayer Approximation Method for In-
homogeneous Background Plasma

A 2-D parallel-plate model of a plasma-filled CFEL
illustrated in Fig. 1 is considered. A dense background
plasma with transverse density profile described by
h
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Fig.1. Geometry of the problem.



relative permittivity e, and thickness a through the up-
per conductor plate located at the distance d — a above
the dielectric sheet. In particular, Eq. (1) with h = 2
corresponds to a parabolic density profile. In the plasma
region, a planar relativistic electron beam with initial
velocity V' and thickness g — f is injected. For simplic-
ity, we assume that both the background plasma and

the electron beam are restricted to move only in the z -

direction by a sufficiently large axial magnetic field.
2.1 Description of the method On the basis
of the multilayer approximation method *# | the plasma
slab with a transverse density profile described by Eq.
(1) can be approximated by n homogeneous layers with
different densities as shown in Fig. 2, while the elec-
tron beam is assumed homogeneous due to the much
lower density. Then, from Maxwell’s equations, the rel-
ativistic equation of motion for the electron, and the
continuity equation 11 we obtain the wave equa-
tions for the TM waves in dielectric, the #th layer of
plasma and plasma/beam regions, respectively, as
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Here, E, is the Fourier amplitude for the axial elec-
tric field, and w, ¢, g, mp and e denote the operating
frequency, the velocity of light in vacuum, the permit-
tivity of vacuum, and the rest mass and electric charge
of the electron, respectively. The plasma frequencies
wp and wy correspond to the number densities N, for
the background plasma at a certain position y; in the
ith layer and Ny for the electron beam, respectively.
Further, k, is the longitudinal wave number, while p,,
hy, ky1 and ks are, respectively, the transverse wave
numbers in the dielectric, vacuum, plasma and beam
regions. From Eq. (2), we can get the solutions for the
field components in each region. In the dielectric, since
E, vanishes at the bottom metallic wall, we obtain
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Fig.2. Plasma density profile in multilayer ap-

proximation method.
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and in the 7th layer of plasma or beam region,

B; sin ky;y; + Cj cos kyy;

B for g5 <0
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where Ey, B, denote, respectively, the Fourier ampli-
tudes for the transverse electric and magnetic fields, A,
B; and C; are arbitrary constants, and j is the unit
imaginary number. In Eq. (5), ky; and e, are equal
to ky1(yi) and e,(y;) in the plasma region, and equal to
kya(y;) and epp(y;) in the beam region, corresponding
to their values in the ith layer.

For the boundary conditions at each interface between
different mediums or layers, we have

Ezi_

3

Ez,i+1 =0

By i1+ E(Ey,i —Eyip1)=0.

Bz,i B oo+ 2B . —FE . )Y=0. -
Note that, in the second equation of (6), the third term
exists only at the interface that contains a surface cur-
rent caused by the electron beam. Then, by imposing
the above boundary conditions at all the interfaces in-

volved, we eventually obtain

where A is a column matrix consisting of all the co-
efficients B; and C;, and D is a square matrix whose
elements are functions of frequency and wave number.
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For (7) to have a nontrivial solution, the determinant
of D must vanish;

det(D) = 0.

(8)

Equation (8) corresponds to the dispersion relation
which reveals coupling between the negative-energy
space-charge wave propagated along the relativistic
electron beam and the slow EM wave propagated along
the dielectric loaded waveguide filled with plasma. The
dispersion relation (8) can be solved numerically for the
wave number k, at a certain frequency. Details in al-
gorithm used to solve Eq. (8) can be seen in [5]. The
wave number k, is a real number when neither gain nor
loss exists in the waveguide, but it becomes a complex
number of which the imaginary part represents a spa-
tial growth rate o (caused by the beam-wave coupling in
a particular range of frequencies) or damping constant
(caused by collisions in the plasma).

2.2 Comparison with analytical solution for a
parabolic density profile In order to confirm the
accuracy of numerical results obtained by the multilayer
approximation method, we compare those results with
available analytical solutions. For a parabolic density
profile (h = 2 in Eq. (1)), we can analytically find the
expressions for the field components in the plasma slab
in the absence of the electron beam in terms of Kummer
function ®. The axial field E, in the plasma region can
be expressed by

E.(y) = {A®(r1,7r2,t) + yB®(r3,r4,t)} e7¥/% .. (9)

with
O
g (4 B ) i
L= h, Wp,peak (y(cl_icfz;-/;Yif ........... (10)

where A and B are arbitrary constants, and ® denotes
a Kummer function
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The dispersion relation obtained on the basis of the
above analytical expression can be solved for k, at a
certain frequency. In Fig. 3, we show the normalized
values of k, versus the number of plasma layers n cal-
culated for our model in the absence of the electron
beam from the two approaches. When n > 20, the val-
ues of k,a obtained from the multilayer approximation
method have relative errors less than 0.001%, and they
gradually converge to the exact values as n increases.
Hence, with a sufficiently large n, the multilayer ap-
proximation method gives a stable solution, and is ex-
pected to be applicable to the plasma slab with an arbi-
trary density profile without significant computational
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Fig.3. Normalized wave number k.a for the low-
est-order TM mode versus the number of plasma
layers n.

errors. As will be seen later, a very small change in
Relk.] yields a relatively large change in o. Therefore,
sufficiently small errors confirmed in this step can be
useful as a guarantee for accurate numerical results in
the next section. For this reason, the value n = 30 will
be adopted throughout the rest of this paper.

2.3 Effect of electron-ion collisions in the
background plasma In many cases where the
background plasma has a very large density, we could
not possibly ignore the collision between electrons and
ions in the plasma. The effect of electron-ion collisions
can be taken into account via the collision frequency
Vei. By replacing e, and epy described in (3) by @99

%
W(w — jVei)
2

“p

B W(w — jVei)

gp=1

Wy

- {’y(w—sz)}Q’ - (12)

we can yet numerically calculate the eigen value for the

complex wave number from the dispersion relation.
The value of v; can be estimated by the absolute tem-

perature T and density N of the background plasma ®%,

55N, (2207
n(N1/3)

Vei = T3/2

where the ratio ve;/w is of the order of 10~2 for our
model at millimeter wavelengths. The introduction of
Ve; into the dispersion relation brings damping (expo-
nential attenuation) to the EM wave for the waveguide
without electron beam, as well as degradation in growth
characteristics in the process of beam-wave coupling.
However, as will be shown in the next section, with a
proper choice of various parameters, the spatial growth
rate in plasma devices can yet have the values over that
for the vacuum device.

Epp =

3. Numerical Results

Relations between the beam velocity and operating
frequency are illustrated in Fig. 4. The lowest curve
labeled (a) is that for a typical vacuum device, whereas
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Fig.4. Operating frequency versus normalized
beam velocity J3.

the others are for plasma-filled devices. The curves la-
beled (b), (c), (e) and (f) are for the case where the
peak value of plasma frequency wy peqi is equal to 2.2w,
and the curve (d) is for wppearr = 3.18w. Other pa-
rameters used in the numerical calculations are shown
in Table 1. From this figure, we see that at the same
frequency, it is possible in the plasma devices to use the
electron beam with higher velocity (or higher current)
for which a higher output power can be expected. Also
note that the real part of k, used to determine the phase
velocity of the EM wave can be also approximated by
Relk,|=w/Bc, since for an effective interaction the ve-
locity synchronism should be maintained between the
EM wave and the electron beam. Moreover, the values
of Relk,] are almost identical to those in the waveguide
without the electron beam. Further, the introduction
of small vg;(~ 1072w) into the dispersion relation does
not affect much the values of 3 or Relk,]. Therefore, we
can point out hereby that stable relations between w
and 8 (or Re[k,]) can be obtained even in the presence
of small values of gain or loss.

We show in Fig. 5 the numerical results of the spa-

Table 1. Values of parameters used in numerical
simulation.
Waveguide
Separation between two
conducting plates d/a 4.0
Relative permittivity &, 2.12

Background Plasma

Peak plasma frequency wp peqra/c 2.2, 3.18
Electron beam

Dielectric-beam gap (f — a)/a 0.85
Beam thickness (g — f)/a 0.3
Plasma frequency wya/c 0.0075
Drift velocity 3 0.73~0.97
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tial growth rate a=Im[k,] for the beam-wave coupling.
The labels (a), (b), (¢) and (d) in Fig. 5 corresponds to
those in Fig. 4. Asis obvious from the figure, the spatial
growth rate is greatly enhanced beyond that for the vac-
uum device by the injection of the background plasma
in the CFEL. Especially, in the case of inhomogeneous
plasma, the EM field component which interacts with
the electron beam can have almost a flat distribution
over the cross section of the beam. In this case, we can
have a more enhanced growth rate, and a more stable
interaction. Nevertheless, when the effect of electron-
ion collisions in the background plasma is taken into
account, the spatial growth rates are poorly dropped,
while the values of Relk,] are almost unchanged, being
the same as those shown in Fig. 4. However, with a
proper choice of various parameters, we can yet expect
that the spatial growth rates in the plasma devices are
enhanced beyond those of the corresponding vacuum
device.

Fig. 6 illustrates the value of « as a function of beam
position. The labels (a), (b), (c) and (d) in Fig. 6 cor-
responds to those in Fig. 4. For each curve, a particular
set of w and [ which provides a peak value for « is used.
It should be noted that in the shaded areas in Fig. 4
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Fig.7. Spatial growth rate versus normalized
beam velocity 3 for various plasma density profiles.

where the values for w and 8 are selected, all curves
have the most gentle slope. (See also more explanation
about a relation between the peak value of a and dis-
persion feature in [11].) From numerical results, we see
that spatial growth rates have very large values when
the beam is injected close to the dielectric sheet, but
this is not practical. In our calculations for « in Fig.
5, we located the center of the beam at y = 2a. We
also find in Fig. 6 that the values of o for the plasma
devices drop rather steeply when the beam position is
far from the dielectric sheet, especially in the case (d)
where wp peqr = 3.18w. Thus, a high value of wy, does
not necessarily guarantee the best performance. The
most important subject is to select a set of parame-
ters carefully. For example, we should choose a position
suitable for the beam alignment which brings a required
value of o, or a proper condition for temperature con-
trol for which the value of v,; varies only slightly around
an acceptable level.

Next, we consider the effect of plasma inhomogeneity
on the growth characteristics of the plasma-filled CFEL.
From Figs. & and 6, in the case (c) where the inho-
mogeneous plasma with a parabolic density profile has
the peak value of plasma frequency Wp,peak (Or density
Np,peak) €qual to that for the homogeneous case (b),
the spatial growth rate slightly deviates from that for
(b). However, in the case (d) where the plasma density
is increased from the case (c) so that the average value
of wy, equals that for the case (b), the spatial growth
rate is greatly raised. We can therefore judge that the
main parameter of the background plasma which affects

A, 1215108, FR13E
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Fig.8. Spatial growth rate versus beam position
for various plasma density profiles. The mark v
indicates the position at which the background
plasma has a peak value.

the value of the spatial growth rate is not the average
plasma density, but the peak value. This issue is con-
firmed by the investigation of the growth characteristics
for various plasma profiles with the same peak density.
Results in Fig. 7 (the labels (c), (e) and (f) in Fig.
7 corresponds to those in Fig. 4) indicate that differ-
ences in plasma density profile do not affect much the
growth characteristics of the plasma-filled CFEL, pro-
vided that the peak values of plasma density are the
same. Fig. 8 (the labels (c), (e) and (f) in Fig. 8 corre-
sponds to those in Fig. 4) shows that such results are
not because the electron beam passes through the inter-
action space at the place where the background plasma
has the same density. Back to Fig. 4 again, we see that
the dispersion characteristics are also not very different
for the cases (b), (c), (e) and (f), and the peak values
of a take place at about the same value of 3 (indicated
by the biggest shaded box). Consequently, for simpli-
fied analysis, we can properly treat the inhomogeneous
background plasma as homogeneous with a plasma den-
sity equal to the peak value.

4. Conclusion

Growth characteristics of a CFEL filled with a trans-
versely inhomogeneous plasma were investigated with
the aid of the multilayer approximation method. The
accuracy of the numerical results was confirmed by com-
parison with the available analytical solution. From the
numerical results for growth characteristics, including
the effect of electron-ion collisions, we find a great en-
hancement in the growth characteristics by a proper
choice of various parameters, as compared with the
corresponding vacuum device. It was also shown that
the main parameter of the inhomogeneous background
plasma which affects the growth characteristics of the
device is the peak plasma density, which can be used
for a simplified analysis.

In this work, we investigated the effect of plasma in-
homogeneity on the CFEL, in which a dielectric waveg-
uide is used for the slow-wave structure. However, sim-



ilar results can also be expected for the Smith-Purcell
free-electron laser which uses the slow-wave structure
composed of a metallic grating.
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