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We have developed a computer code for the simulation of large scale SWP plasma excited by a long coaxial antenna with a
VHF wave of 300 MHz, this antenna is located along the center axis of a cylindrical chamber. The antenna used in this model
"structure is so long that the computational region has become very large. Therefore, for the calculation of the electromagnetic
field profile in order to design a long and large scale SWP plasma, it is necessary to apply a proper boundary condition to truncate
the computational region, and from this viewpoint we have introduced the PML absorbing boundary ‘conditions and have studied

the effectiveness of this boundary conditions for our purposes.
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1. Introduction

Recently Surface wave produced plasma (SWP) has drawn
much attention in processing of plasma as well as a large-area flat
plasma source (@ Since it has been found that surface wave
plays an important role in sustaining an overdense plasma ®
therefore, several works have been performed in this area @ ).
Usually for the computer simulation of surface wave produced
plasma, the Finite Element Method (FEM) © or the Finite
Difference Time Domain Method (FD-TD) " are employed.

In the case of the numerical simulation of electromagnetic field
distribution in an axially symmetric chamber filled with plasma
excited by VHF of 300 MHz by a long coaxial antenna in order to
design a long plasma cable, the computational region has become
very large. But either the element size in the FEM or shell size in
the FD-TD method plays an important role to obtain more
accurate result ®, therefore, applying either FEM or FD-TD
" method on a large computation region may be inconsistent with
the speed and memory of a computer. As a result, for our problem,
it was necessary to truncate the computational region and thus, an
effective boundary condition was needed that permits all out-ward
propagating numerical waves to leave problem domain as if the
simulation were performed on a computational region of infinite
extend. This type boundary conditions are either called radiation
boundary condition ©® or absorbing boundary condition. In 1994,
the approach was introduced by Berenger "% to realize this
Absorbing Boundary condition (ABC) is to terminate the outer
boundary of the problem domain in an absorbing material medium,
called the perfectly matched layer (PML). The invocation of
Berenger’s PML is that plane wave of arbitrary incident,
polarization and frequency are matched at the boundary.

In the recent past, a lot of papers have been appeared describing
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the application of this PML absorbing boundary condition for
different purposes “ . With this background, we have applied
the PML absorbing boundary condition in FEM for the analysis of
surface wave propagation on a long SWP cable. For the iterative
calculation to design a long SWP cable, in the first iteration, we
have to start the calculation of electromagnetic field distribution
by considering a constant electron density profile, but from the
second iteration, electron density to be calculated from the electric
field distribution obtained in the just previous iteration, and this
iteration process should be continued until some convergence is
reached. Therefore, it is necessary to study the validity of this
PML absorbing boundary condition for both constant and density
gradient plasma and it has been studied in our work.

In this paper, we will show the derivations of the equations for
FEM and PML used in our plasma model, and will report the
derived appropriate parameters of PML for better effectiveness.

2. The Equation of FEM and PML

Berenger ® derived a novel split-field formulation of
Maxwell’s equation where each vector filed component is split
into two orthogonal component. The original split-field concept
was restated in stretched-coordinate form (9, this extends the
use of the PML to a cylindrical or spherical co-ordinate systems.
By choosing loss parameters consistent with the dispersionless
medium, a perfectly matched planner interface is derived.

Following this way, in our work, the PML material has been
introduced in FEM to sustain the required boundary conditions.
The outline of the model of our problem and the obtained
equations are given below. .

We havé considered the geometry illustrated in Fig. 1, where a
coaxial antenna covered by dielectric materials has been
connected along the center axis of the cylindrical chamber filled
with an axially symmetric plasma, this plasma is to be produced
by the excitation of VHF wave of 300 MHz. This geometry is
rotationally symmetric with respect to the axis of the antenna,
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therefore, we can analyze the axisymmetric problem, which is
substantially two-dimensional in the rz-plane as shown in Fig 2.
The governing equation is written for the incident transverse

magnetic (TM) wave (E,,H,,E,) as,
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where Hp is the magnetic field intensity in © direction, E, and E,
are electric field intensity in radial and axial direction respectively
and k is the wave number. In order to keep the dimension of the
magnetic field same to the electric field, in the above equation we
have considered Hy=>ZHy, where intrinsic impedance Zy=120%
[ohm]. Then, the weighted residual integration for the weighted
functions has been set to zero and descried in the following,
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Here, w is the weighting function. Now, considering ¢=rHe, w= wj,
dv=2mrdrdz we get,
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where, D, denotes cross section of the e-th ring element and C,
denotes the contour enclosing D, as shown in Fig. 2. Now,
solution of ¢ for e-th element is given by,
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0" (r2)= 2 iN: (r2)

where, ¢;° is a value of the ¢ at i-th node of e-th element, N;° is the
shape function of e-th element. Now, according the Galerkin
method © weighting function should be equal to the summation of

. shape function, that is,

where, ¢’ means the number of elements which surrounds the
globally numbered node j, from equation (4), (5) and (6),
replacing w, (j=1,2, ...) with shape function, we get
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where, T denotes transpose of the matrix. We have employed
second-order triangular ring element® to subdivide the problem
domain, which means each element has six shape functions of
second-order polynomials to describe the field quantities within
the elements. €; (i=1 or 2) have also been represented by the
second-order polynomials within the elements. Equation (7) gives
the solution for e-th element, thus summing up for the all element,
this equation will give the solution for the whole problem domain.
In the Fig. 2, all the sides except the side A and B, have been
supposed as a conducting material, therefore, with this boundary
condition, at all these sides tangential component of electric fields
have been set to zero, that is, at side C, D and F in Fig. 2, the
electric field component E, have been set to zero and at side E,
electric field component E, has been set to zero. On the other hand,
at side A of the chamber, impedance matching boundary condition

EL _ZHg,

=[N

has been applied, that is, at this side it has been set

where, E. and H g are the radial component of reflected

electric field and 6 component of the reflected magnetic field,
respectively and Z = 1/ JE where, <, is the relative permitivity.

In the plasma medium, the relative permitivity €, = €, (as
shown in Fig. 1) should be defined by the following equation”,

where, ©,=2nf,and f;is the plasma frequency, o is the frequency
of the applied VHF and v is the electron collision frequency, in
our model v/m has been considered at 0.0015.

Now, VHF has been applied from the left hand side cross
section A of the geometry of Fig. 2 and right hand has been
supposed to be an infinite long chamber, at this side B, PML
absorbing boundary condition has been set to truncate the
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calculation area, outer side of this region has been considered as
conducting material, and this region has been supposed to be
perfectly matched and thereby, no reflection should be occurred
from this PML region.

In the PML region, the relative permeability and permitivity are
perfectly matched by a tensor 7 %,

£, =¢85,

r

where, &; and L, are relative permitivity and permeability of the
medium in which i=1 is for dielectrics and i=2 for plasma, € is
the permitivity at PML’s contact plane. In the PML region the
equation (1) has been re-written and had to be solved. However, it
should be noted here that the effectiveness of the PML material
depends on it’s conductivity and length.

3. Calculations and Result

The dimension of the considered geometry of our problem have
been supposed as follows; radius of the antenna 1=0.15 [cm], the
thickness of dielectric material around the antenna (r;-ro)=0.35
[cm], radial length of the chamber R=14 [cm], axial length of the
chamber OL=100 [cm] (see Fig. 2), width of the PML region d=10
[cm]. The total number of elements within the cable (outside
chamber), chamber and PML region along z-axis is
25+250+25-=300 and the length of each element was 0.4 [cm].
Again, along r axis the total number of element was 41, the length
of first element nearest to the central z-axis was 0.15 [cm], the
length of each of next 12 was 0.175 [cm] and finally, length of
each of the rest 28 was 0.4 [cm]. The relative permitivity of the
dielectric material around the antenna €;~¢c,; (as shown in Fig. 1)
=2.3. The conductivity of the PML region ,can be described by
the following equation®®,

0 =0, {(z~zl)/d}m

In Eq. (11), m is the order of the polynomial, o, is the
maximum conductivity in PML region, z is the starting point of
PML region on z axis and d is the width of PML.

The length of the coaxial cable outside the chamber has been
considered at 10 [cm]. The frequency of the applied VHF of
transverse electromagnetic (TEM) mode from side A of the
chamber has been supposed at 300 MHz. The amplitude of the

applied VHF ¢ =rH, hasbeensetto 1 [a.u].

In our simulation problem, the validity and effectiveness of the
applied PML have been studied for three electron profiles, these
are, constant electron density all over the problem domain,
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exponentially decreased along radial direction while constant

-along axial direction and exponentially decreased along axial

direction while constant along radial direction, the obligation of
considering these three electron density profiles has been
explained in the introduction of this paper.

At the first, the constant electron density profile n=10"* [/cc]
has been considered for the calculation and the obtained magnetic
field profile ¢=rHj for the r-z plane is shown in Fig. 3.

The Fig. 4 shows the same result but at different radial distances.
In this calculations, the considered parameter of PML region were,
60=0.21 [mho/m] and m=2. In our problem domain, PML region
has begun at an axial distance z=100 [cm] and width of that PML
region d= 10 [cm]. From this two figures it is clear that, within
100 [cm] along z axis, at different radial distance the magnetic
filed intensity is almost constant, which implies that the reflection
is very low, but after entering into the PML region the magnetic
field intensity has sharply become to zero, which implies that
PML material has absorbed electromagnetic wave.

Now, in order to find out the optimal parameter of PML
material, that is, the parameter at which the amplitude of the
reflection should be minimum, at first, the arbitrary value of o, has
been kept constant at 0.21 [mho/m], and then the field profile for
different value of polynomial order m have been calculated, such a
typical field profile at a radial distance =0.35 [cm] is shown in
Fig. 5. and respective percentage of reflections are tabulated in
Table 1. ’

The Fig. 5 shows that a little standing wave exists and from
Table 1, it is clear that the amplitude of the interference wave is
minimum at the value of m=2. Since from Fig. 4 it has been found
that after entering into the PML region the magnetic field
intensity has become to zero, therefore, it could be concluded that
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Fig. 3. Magnetic field ¢ (=rHg) distribution within chamber
(d@=10 [cm], 6z=0.21 [mho/m] and m=2)
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Fig. 4. Magnetic field intensity ¢ along z direction at different
radial distance r (¢=10 [cm)], 6,=0.21 [mho/m] and m=2)
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Table 1.
order m (Electron density profile is constant 10' [/cc])

Percentages of reflections for different polynomial

So Percentages of reflections [%]
[mho/m] m=0 m=1 m=2 m=3 m=
0.21 0.015 0.006 0.0003 0.0055 0.022
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o
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. Fig. 6. Magnetic field intensity ¢ along z direction of different
‘maximum PML conductivity’ op. for constant electron density
profile (¢=10 [cm]and m=2) :

these small standing wave shown in Fig. 5 are due to the reflection
from the contact plane of PML material, thereby here impeda:nce
matching has been affected by the dispersion. ‘
Now, keeping the value of the polynomial order constant at it’s
optimal value m=2 found just before, magnetic field profile for
different value of o, have been calculated, such a typical field

profile at a radial distance r=0.5 [cm)], that is, field profile on the’

dielectric surface is shown in Fig. 6 and the respective percentages
of reflection has been tabulated in Table 2. The reason behind the
noticeable difference between the form of Fig. 5 and 6 is that, to
make Fig. 6 easier to understand of it’s the amplitude of
interference wave we are interested to, in this figure the slope of
the intensity has been subtracted while slope of intensity of the
wave of Fig. 5 has not been subtracted. However, from Fig. 6 and
Table 2, it is clear that for 6,=0.21 [mho/m] the amplitude of the
interference wave is minimum.

Now, let us verify the effectiveness of PML absorbing boundary
condition for exponentially electron density profile along radial
and axial direction. '
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Table 2. Percentages of reflections for different sigﬁla maximurm
o (Electron density profile is constant 10'? [/cc])

Polynomial Percentages of reflections [%)
order Go=0.18 Go=021 o= 028
m [mho/m] [mho/m] [mho/m]
2 0.0012 0.0003 0.0017
0.0006 Radial Density Gradient 0.2 [fcm] —— 0016
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Fig. 7. Magnetic field intensity ¢ along z direction for different
electron density, gradient in radial direction (o= 0.21 [mho/m],
m=2 and d= 10 [cm])
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Fig. 8. Magnetic field intensity ¢ along z direction at different

radial distance 7 for radial electron density Gradient 0.3 [/cm]

(d=10 fem], 67=0.21 [mho/m] and m=2)

Fig. 7 shows the magnetic field profile on the dielectric surface
for an exponential electron density profile along radial direction
for different electron density gradient while electron density
profile along axial direction has been kept constant, in these cases,
electron density on the antenna surface is ny=10"? [/cc], 5,=0.21
[mho/cm] and PML width d=10 [cm]. In this figure at the point
z=100 [cm] the minimum value of the field intensity along r axis
has been set to zero by subtracting appropriate offset value. From
this figure, it is clear that, the amplitude variation of magnetic
field is small too, which implies that the electron density gradient
in radial direction does not so much affect the PML conditions.
However, here field amplitude is in decreasing nature since the
electron density is in decreasing nature along radial direction.

Fig. 8 shows magnetic field intensity at different radial distance
along 7 axis for a radial electron density gradient 0.3 [/cm]. This
Figure shows that within the PML region field intensity has

“sharply become to zero that implies electromagnetic field has been
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Fig. 9. Magnetic field Intensity along z direction for different '
polynomial order m ; Radial electron density profile is
10"xexp(-0.3%r) (=10 [cm], 6;=0.21 [mho/m] )

Table 3. Percentages of reflections for different polynomial
order m (Radial Electron density profile is 10"*xexp[-0.3*r])
%o Percentages of reflections [%]
[mho/m] m=0 m=1 m=2 m=3 m=4
0.21 0.013 0.0065 0.001 0.004 0.021
0.87394 Max Sigma 0.18 [mho/m] —
0.21 [mho/m} ——
10'87393 0.28 [mho/m] -~
g 087392
<
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Fig. 10. Magnetic field intensity along z direction for different
o ; Radial electron density profile is 10'2xexp(-0.3*r) (=10,
[cm], Polynomial Order m =2 ) ‘

absorbed in this region, Along with this, by following the same
procedure as described in constant electron density profile case, it
has been tried to find out the optimal PML parameters for the
radial electron density profile case too.

A typical result for different polynomial order m and sigma
maximum o, are shown in Fig. 9 and Fig. 10 respectively, and the
respective percentage of reflections are also tabulated in Table 3
and 4,. from these two figures and two tables, it is clear that the
optimal PML parameter for a PML width d=10 [cm] are m=2 and
64=0.21 [mho/cm], which are same as found for constant electron
density profiles

Finally, exponential electron density along axial direction has
been considered while along radial direction it has been kept
constant, in these calculations, considered PML parameter were,
width of PML d= 10 [cm], m=2 and cp= 0.21 [mho/m] and
electron density profile n, was nyxexp(-0z) [/cc], where, nyis the
electron density at z=0 [cm] and o is the decaying constant. Fig.
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Table 4. Percentages of reflections for different sigma maximum o,
(Radial Electron density profile is 10"xexp[-0.3*])

Polynomial Percentages of reflections [%]
order 0= 0.18 Go=021 o= 0.28
m [mho/m] [mho/m] [mho/m]
2 0.0016 0.001 0.0015
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Fig. 11. Magnetic field intensity ¢ along z direction for different
electron density profile along axial direction (2=0.023, o= 0.21
[mho/m], m=2,and d= 10 [cm])
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Fig. 12. Magnetic field intensity ¢ along z direction at

different, radial distance  for axially electron density profile
(0=0.023, &=10 [cm], 67=0.21 [mho/m] and m=2)

11 shows such a typical result within the chamber (0-100 {cm]) at
radial distance r=0.5 [cm] for different electron density profile
along z axis. Fig. 12 shows the same magnetic field profile but
includes the PML region (0-110 [cm]) Figure 11 shows that the
interference wave is larger in compare with the obtained field
amplitude found for constant and radial electron density cases.
Besides this, with this electron density model it has been found
that the amplitude of the interference wave has not changed with
the changes in PML parameter, rather has been affected by plasma
impedance, that is, within chamber the amplitude of the
interference wave is almost independent of PML material. A
typical result describing that independency is shown in Fig. 13.
But, from Fig. 12, it is obvious that after entering into the PML
region the field amplitude has become to zero, which establishes
the affectivity of PML boundary condition for this electron density
model too.
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distance r=0.5 [cm] for axially electron density profile
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Table 5. Percentages of reflection for different axial exponential
_electron density model ( 4=10 [cm], 6;=0.21 [mho/m] and m=2)

Axial Electron Density profile
n.=npxexp(-a.z) [/cc] Percentage
Electron Electron density o of
density ng [/cc] [fec] reflections
at z=0 [cm] at z =100 [cm] (%)
10% 1.35x10" 0.02 0.2
101 1.83x10% 0.03 0.4
108 4.97x10" 0.04 0.4
10" 1012 0.023 0.3
10" 108 0.023 021
10" 10™ 0.023 0.11
10 10 0.043 0.7
10 10" 0.069 1.0

Table 6. Results showing the elfectiveness of PML boundary
conditions applied in our model

Width Polynomial | Sigma Maximum | Percentage
of Electron Order m o [mho/m] of
PML | Density Profile | (Suitable (Suitable reflection
d Value Value (%]
[cm] | Found) Found)
6 [Constant [10'%/cc] 1 0.28 0.0125
Constant [10'¥cc] 2 0.21 0.0003
Radial Density
10 Gradient 2 0.21 0.001
10"exp(-0.3xr)
Axial Density | - )
Gradient No Effect in| No Effect in 03
103exp(-0.023xz)| Changes Changes

The percentages of reflection for different exponential axial
electron density model are listed in Table 5. From this table, it
should be concluded that for any electron density profile case like
this present model where PML boundary condition is to be applied,
in a suitable case reflection could be suppressed within 1%. At the
last, it has been also studied the effectiveness of PML boundary
conditions for different PML width, it has been found that changes
in PML width changes the optimal value of polynomial order and
‘sigma maximum Gg too, the obtained result for some typical
cases are summarized in Table 6. From this table an important
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point should be noticed that percentages of reflection of the
interference wave may not be same for all ‘set of optimal PML
parameter’, therefore, it should take care to chose an appropriate
PML width when PML boundary conditions is to be applied in
such an application.

Beside these the effectiveness of element size has been studied
for some typical cases in our calculation, for example, for the
model of constant electron density 10** [/cc] profile with PML
parameter m=2, 6,-=0.21 [mho/cm] and d=10 [cm], we have
calculated the field profile for two element size within chamber
and PML region along z axis, those considered element size were
0.4 [cm] and 0.2 [cm], we have found almost same percentage of
reflections for those both element sizes Therefore, the result we
have until now will make it possible to apply suitable PML model
to design a long SWP cable. ‘

4. Conclusion

In order to truncate the calculation area for the simulation of
long SWP cable, we have applied and studied the affectivity of the
PML boundary condition for different electron density profiles. It
has been found:

(1) PML is very effective for the model of constant electron
density profile, where reflection has been suppressed within order
of 107, In this model, the optimal PML parameter are op=0.21
[mho/m] and m=2 for the value of d=10 [cm].

(2) For the model of exponential electron density profile along
radial direction, PML is very effective too, In this model, the
optimal PML parameter are 6,=0.21 [mho/m] and m=2 for the
value of d=10 [cm] as same found in the constant electron density
model..

(3) For the model of exponential electron density profile along
axial direction, little bit appreciable reflection has occurred at
contact point of PML, in our model the value of this reflection was
within 1%.

Therefore, in the iterative calculation for designing a long
plasma cable, where a proper boundary is needed simultaneously
for both constant and density gradient plasma to truncate the
problem domain so that all out-ward propagating numerical waves
are permitted to leave problem domain as if the simulation were
performed on a computational region of infinite extend, the PML -
absorbing boundary condition can successfully be applied.

(Manuscript received Nov. 7, 2002, revised May 6, 2003)
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